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1 Introduction
1.1 Motivation

We consider large systems of N indistinguishable point-particles given by the
coupled stochastic differential equations (SDEs)

dX; = F(X;) dt+% ZK(XifXj)dt+\/20N dwl, i=1,---,N (1)
J#i

where for simplicity X; € IT?, the d-dimensional torus, the W* are N indepen-
dent standard Wiener Processes (Brownian motions) in R? and the stochastic

term in (1) should be understood in the It6 sense.
The interaction term is normalized by the factor 1/N, corresponding to
the mean field scaling. For a fixed N our goal is hence to derive explicit,
quantitative estimates comparing System (1) to the mean field limit p solving

Oup+ div 4 (p[F + K+, p|) = 0 Ap. (2)

Such estimates in particular imply the propagation of chaos in the limit N —
o0o. But precisely because they are quantitative, they also characterize the
reduction of complexity of System (1) for large and finite N.

A guiding motivation of interaction kernel K in our work is given by the
Biot-Savart law in dimension 2, namely

ol
K(x) ZOZWJrKo(éE% 3)

where z+ denotes the rotation of vector x by 7/2 and where Ky is a smooth
correction to periodize K on the torus represented by [—1/2, 1/2]¢. If w(x) €
LP(I?) with p > 1, then u = K x, w solves

curlu:curlK*meOz(w—/ w), divu = div K xw = 0.
g

If F' =0, the limiting equation (2) becomes
Orw + K %, w-Vyw =0 Aw, (4)

where we now write on w(t,z), using the classical notation for the vorticity
of a fluid. Eq. (4) is invariant by the addition of a constant w — w + C. We
may hence assume that f gaw = 0 and Eq. (4) is then equivalent to the 2d
incompressible Navier-Stokes system on u(¢, x) s.t. w = curlw,

Oiu+u-Vau = Vip+ o Au,

divu = 0.

()

The system of particles (1) now corresponds to a system of interacting point
vortices with additive noise. Because we present our method in the simplest
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framework where particles are indistinguishable, all point vortices necessarily
have the same vorticity in this setting.

Our main result provides an explicit estimate quantifying that the system
(1) is within O(N~=/2) from the limit (2) in an appropriate statistical sense.
However the method that we develop is able to handle general kernels K which
are not necessarily singular only at the origin or may not even be functions.

The rest of the introduction is organized as follows: We state precisely
our main result in the next subsection. We devote subsection 1.3 to a longer
discussion of various examples of kernels K that are covered by our main
theorem. While our main focus concerns systems with non-vanishing diffusion,
the tools that are developed in this article can also be applied to settings with
vanishing diffusion. We give an example of such a result in subsection 1.4.
The last subsection in the introduction sketches the proof of our basic a priori
estimates.

Section 2 presents the proof of our main results, assuming that one has two
critical estimates, Theorems 3 and 4, which are sort of modified laws of large
numbers. We establish some preliminary combinatorics notations in section 3.
This enables us to easily prove Theorem 3 in section 4. The proof of Theorem
4 is considerably more difficult; it is performed in section 5 which is the main
technical contribution of this article.

1.2 Main results
We start by recalling the precise definition of the space W‘l’oo(H 4) which is

used both in Prop. 1 and in Theorem 1 and which is critical to our applications.

Definition 1 A function f with [}, f = 0 belongs to W~1°°(II?) iff there
exists a vector field g in L>(I19) s.t. f = div g. Similarly a vector field K with
J74 K = 0 belongs to W10 (IT%) iff there exists a matrix field V in L (IT)
st. K=divV or K, = Za 03Vap. We then denote

1£lh—s. = inflglle,  with f = divg,

and similarly

1Ky -1.00 = ir‘}f||V||Loo, with K = divV.

Following the basic approach introduced in [29], our main idea is to use
relative entropy methods to compare the coupled law pn(t,x1,...,2n) of the
whole system (1) to the tensorized law

_ _oN N =

pN(taxlw"va):p = i:lp(tax’i)a
consisting of NV independent copies of a process following the law p, solution
to the limiting equation (2).
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As our estimates carry over py, we do not consider directly the system of
SDEs (1) but instead work at the level of the Liouville equation

N N N
athN + Z divxi PN F xz Z - Jjj) = ZO'N Aa:ipNa

i=1

(6)
where and hereafter we use the convention that K(0) = 0. The law py en-
compasses all the statistical information about the system. Given that it is
set in IT9N with N >> 1, the observable statistical information is typically
contained in the marginals

pnk(t, T1, ..., Tk) 2/ on(t,z1,. .., on) doeger ... doy. (7)
I7d (N—k)

Our final goal is to obtain explicit bounds on pyj — 5" where p®° =
ITE_ p(t, z;). Those bounds will follow from a relative entropy estimate be-
tween py and a solution py to (6). But for this, we cannot use any weak
solution to the Liouville (6) and instead require

Definition 2 (Entropy solution) A density py € L'(I1¢"), with py > 0
and fHdN pn dX? =1, is an entropy solution to Eq. (6) on the time interval
[0, T, iff py solves (6) in the sense of distributions, and for a.e. t <T

/ Nt XYY log pn(t, XNV) AXN + oy Z// |V"KpN‘ dXx¥ ds
HdN
S/ piy log pfy dX N
TN

_ //HdN div F(z;) + div K (z; — 25)) py dX ds,
i, j=1

(8)

where for convenience we use in the article the notation XV = (z1,--- ,2x).

In general it can be difficult to obtain the well posedness of an advection-
diffusion equation such as (6) under very weak regularity of the advection
field K, such as is our case here. We refer to [13] for an example of such study.

In our case though, we do not need the well posedness and it is in fact
straightforward to check that there exists at least one entropy solution to (6).

Proposition 1 Assume that [ .~ p% logp} < 0, oy > o > 0, and that
F, divF € L*®. Assume finally that K € W5 with as well divK €
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WL Then there exists an entropy solution py satisfying

N N N 9N N |V pn|? N
/ pn(t, XY) logpn(t, X)) dXY + — g / / —— dX" ds
JIdN 2 i=1 /0 JIdN PN

Nt| div K2
§/ % log p% XN + ” Iy 2. + Nt| divF|pee.
JIdN QQ

Moreover for any ¢ € L?([0, T], W1 (II?%)) with HQSHL%W;.,OO <1

1 t
W / d(b(t,xl,xg) K(l’l 71)32),0]\/,2@,1'1,%2)(11’1 dSCQ dt
W-100 JO JII?

2 t|divKl|A 2|l div F||
<14t4 — o log p% dXN + | L 4 2V Fllp
NQ 14N 2

)

g g
(10)
so that the product K py is well defined.
Our method revolves around the control of the rescaled relative entropy
t, XN)
on)(t) = — £, XN) log PN BN g yn 11
Hulon [on)(8) = & o pn(t, X)) log (LX) , (1)

while our main result is the explicit estimate

Theorem 1 Assume that divF € L®(II%), that K € W~b°(II%) with
divK € W1, Assume that on > o > 0. Assume moreover that PN
is an entropy solution to Eq. (6) as per Def. 2. Assume finally that p €
L>=([0, T], W2P(II?%)) for any p < oo solves Eq. (2) with infp > 0 and
Ji7ap=1. Then

; . .
H(pn | pn)(t) <M UKIFIKI)? <HN(p9V AR+ &

+ M1+t (1+[K]) 0—0N|>7

where we denote ||K|| = [|K|lyi-1. + || div K||yj—1..c and M is a constant
which only depends on
_ o V25 1 .
M(d7 o, inf p, ||pllwt.es, supw7 —/ P log p%, |leFLoo>.
p>1 P N JIdN

Remark 1 There is no explicit regularity assumption on F' in the previous
theorem. Nevertheless some regularity on F' is implicitly required, in particular
to obtain W?2P solution p to (2).
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Remark 2 While our results are presented for simplicity in the torus IT¢, they
could be extended to any bounded domain (2 with appropriate boundary con-
ditions. The possible extension to unbounded domains however appears highly
non-trivial, in particular in view of the assumption inf p > 0 which could not
hold anymore.

The proof of Theorem 1 strongly relies on the properties of the relative
entropy over tensorized spaces such as IT?". Those properties are also critical
to derive appropriate control on the observables or marginals py k. In partic-
ular the sub-additivity implies that the relative entropy of the marginals is
bounded by the total relative entropy or

k 1
Hilpnw | p%) = Z /HM PN,k log ;];’f dzy...dvy <Hn(pn | pN),  (12)

for which we refer to [24,38,39] where estimates quantifying the classical notion
of propagation of chaos are thoroughly investigated.

It is then possible to derive from Theorem 1 the strong propagation of
chaos as per

Corollary 1 Under the assumptions of Theorem 1, if Hy(p% | p%) — 0 as
N — o0, then over any fized time interval [0, T

Hy(pon | pn) — 0, as N — oo.

As a consequence considering any finite marginal at order k, one has the strong
propagation of chaos

_ k
lowk — % || Lo (o, 77, £1(ary) — 0.

Finally in the particular case where supy N Hy(p% | p%) = H < oo, and
where supy N [on — 0| = S < oo, then one has that, for some constant C
depending only on k, H, S, T and | K|| and M defined in Theorem 1,

ok C
lonk = 2% Lo (o, 79, Lr(ary) < Wi (13)

Remark 3 The rate of convergence in 1/v/ N in (13) is widely considered to be
optimal as it corresponds to the size of stochastic fluctuations. We refer for

example to [36] where entropy methods are used in this context for smooth
interaction kernels; see also the prior [1] and [3,9].

Proof Corollary 1 follows directly from Theorem 1 by using inequality (12)
and the Csiszdr-Kullback-Pinsker inequality (see for instance [47]) for any f
and ¢ functions on IT¢*

1f =gl mary < V2kHK(f | 9)-
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The starting steps in the proof of Theorem 1, such as the relative entropy and
the reduction to a modified law of large numbers, had already been exposed
in [29]. However the present contribution expands much on the basic ideas
and techniques introduced in [29]: First we make better use of the diffusion,
which was instead mostly considered as a perturbation in [29]. This is the main
reason why we are essentially able to gain one full derivative in our assumption
on K with respect to the K € L* in [29].

The main technical contribution in the present article, namely the modi-
fied law of large numbers stated in Theorem 4, is considerably more difficult
to prove than any equivalent in [29]. This has lead to several new ideas in
the combinatorics approach, detailed in the proof of Theorem 4 in section 5.
Theorem 4 is also much more general and we believe that it can be of further
and wider use.

The importance of law of large numbers for the propagation of chaos or
the mean field limit has of course long been recognized, at least since Kac,
see [31] or [45]. We also refer to [20] for an example where the classical law of
large numbers is used but which is limited to Lipschitz kernels K.

The relative entropy at the level of the Liouville equation does not seem
to have been widely used yet with [48], in the context of hydrodynamics of
Ginzburg-Landau, being maybe the closest to the approach developed here.
We also refer to [15] for a different, trajectorial, view on the role of the entropy
in SDEs.

1.3 Applications

We delve in this section into some examples of kernels K that our method can
handle and discuss at the same time where our result stands in comparison
to the existing literature. In general quantitative estimates of propagation of
chaos were previously only available for smooth, Lipschitz, kernels K such as
in the classical result [37]; see also [1,3,9,36] for more on the classical Lipschitz
case. Gronwall-like estimates with Lipschitz force fields, but a fixed number of
SDEs, were also at the basis of [27].

System (1) retains simple additive interactions, contrary to the more com-
plex structure found for example in [40,41]; but it still includes a large range of
first order models, such as swarming, opinion dynamics or aggregation equa-
tions, see for instance [2,5,10,12] or [32]. The list of examples given below is
hence by no means exhaustive and we refer to our recent survey [30] for a more
thorough discussion of current important questions.

— The 2d viscous vortex model where K satisfies (3). As mentioned in the
introduction, the mean field limit (2) is then the 2d incompressible Navier-
Stokes equation written in vorticity form, Eq. (4). We can write

—¢ arctan% + Y 0

K=divV, V= 0 qbarctani—f + |’
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where one can choose ¢ smooth with compact support in the representative
(=1/2, 1/2)? of II? and (11, t2) a corresponding smooth correction to
periodize V. Therefore K satisfies the assumptions of Theorem 1.

The convergence of the systems of point vortices (1) to the limit (4) had first
been established in [43] for a large enough viscosity o. The well posedness
of the point vortices dynamics has been proved globally in [42]; see also
[14]. Finally the convergence to the mean field limit has been obtained with
any positive viscosity o in the recent [16].

However those results rely on a compactness argument based on a control
of the singular interaction provided by the dissipation of entropy in the
system.

As far as we know, this article is the first to provide a quantitative rate of
propagation of chaos for the 2d viscous vorter model.

Hamiltonian structure. If the dimension d is even then the previous example
can be generalized to include any Hamiltonian structure. In that case one
has d = 2n, x = (q,p) with ¢,p € II"™ and for some Hamiltonian H
7" — R,

K = (V,H, =V, H).

Theorem 1 now applies if H € L>(I1?"), though this may not be the opti-
mal condition (see the discussion below). The theorem provides propaga-
tion of chaos for such systems with diffusion with much weaker assumptions
than any comparable result in the literature.

We are nevertheless somewhat limited by our framework here. One would
for example typically want to apply this to the classical Newtonian dy-
namics where H = Y, p?/2 + % Zi’j V(¢; — g;j). This is formally easy by
choosing the appropriate function F in the system of particles (1).

The first issue is that the momentum should be unbounded instead of
having p € II™; as we mentioned in one of the remarks after Theorem 1,
such an extension of our result to p € R" for example would be non-trivial...
The second issue concerns the diffusion which for such models usually ap-
plies only to the momentum. This leads to a degenerate diffusion whereas
we absolutely require it in every variable.

Collision-like interactions. We can even handle extremely singular inter-
actions where some sort of collision event occurs at some fixed horizon.
Consider for example any function ¢ € L'(IT%), any smooth field M (z) of
matrices and define

K = div(MIs<0), or Ka(z) =Y 95(Map(x)Tg(a)<o)-
B

It is straightforward to choose M s.t. div K € W1 or even divK = 0:
A simple example is simply to take M anti-symmetric. As M Iy<o € L,
Theorem 1 applies. This particular choice of K means that two particles
i and j will interact exactly when ¢(X; — X;) = 0. An obvious example
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is ¢(x) = |z|> — (2R)? in which case the particles can be seen as balls of
radius R which interact when touching.

But in the context of swarming, one could have birds, or other animals,
which interact as soon as they can see each other; this is different from the
cone of vision type of interaction found for example in [6] where the inter-
action is much less singular (bounded). Micro-organisms such as bacteria
may also have complicated, non-smooth shapes. In all those cases {¢ < 0}
is not a ball in general and may even be a singular set.

Since M (zx) is smooth, one could interpret K as being supported on the
measure dg—o. But in fact we do not need any regularity on ¢, not even
¢ € BV and here K may not even be a measure...

— Gradient flow structure. The dual to the Hamiltonian case is to take K =
V1) for some potential ¢. This lets us see the system of particles (1) as a
gradient flow with diffusion and it endows the mean field limit (2) with the
derived and nonlinear gradient flow structure.

When v is convex, but not necessarily smooth, it is possible to strongly
use this gradient flow structure. This is in particular the key to obtain the
well posedness of Eq. (2), even without diffusion, as in [7,8] and in [2] for
the mean field limit.

However it does not seem easy for our approach to fully make use of such
gradient flows. This is seen on the assumptions of Theorem 1 where having
K € W5 is not very demanding, ¢ € L° would be enough, while
the condition divK e W1 actually forces us to consider Lipschitz
potentials . Of course any v convex is Lipschitz so that Theorem 1 still
extends the known theory for general v. But it is clearly not performing
as well as in the Hamiltonian case.

A very good example of this is the 2d Patlak-Keller-Segel model of chemo-
taxis where one would like to have K = ax/|z|> + Ko(z). This choice of
K is just a rotation of w/2 from the 2d Navier-Stokes kernel given by (3).
Therefore we still have that K € W1 by using a rotation of the matrix
V' that we wrote in the Navier-Stokes setting. But unfortunately div K
is now one full derivative away from W~1°° and Theorem 1 cannot be
applied.

By studying the specific properties of the system though, a convergence
result to measure-valued solutions was obtained in [26] while the conver-
gence to weak solutions was achieved in [17] (see also [18] for the sub-critical
case). We also refer to [35] for general Coulomb interactions. Those results
are not quantitative though and a major open problem remains to find an
equivalent of Theorem 1 in this case.

We wish to conclude this subsection about kernels K to which Theorem 1
applies, by discussing more in details the assumption K € Wteo,

We first come back to the vortex dynamics for 2d Navier-Stokes and the
kernel K given by the Biot-Savart law (3). Since div K = 0, the classical way
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to represent K is by K = curlvy with
Y(x) = a log |z| + ¥o(x),

with again 1y a smooth correction to periodize 1. Obviously ¥ is not bounded
which at first glance suggests that K does not belong to W—1o_ This is
incorrect as the “right” choice of V above demonstrates but it means that
knowing whether K € W= is not as simple as it may seem.

The distinction is rather technical but it is critical for us as it allows us
to handle the crucial example of the vortex model. It also turns out to be
connected with a fundamental difficulty in our proof. Our estimates directly
use a representation K = divV and the most difficult term would vanish if
V' were anti-symmetric, which is the case if we take K = curlvy. The fact that
we cannot take K = curly with ¥ € L™ is responsible for the main technical
difficulty in this article and in particular this is what requires Theorem 4 whose
proof takes all of section 5. We refer to the more specific comments that we
make in subsection 2.1.

In general the study of the K for which there exists a matrix field V' € L™
s.t. divV = K turns out to be a very complex mathematical question. This
can be done coordinate by coordinate obviously so the question is equivalent
to finding the scalar field ¢ for which there exists a vector field u € L™ s.t.
divu = ¢.

The difficulty is that for a given K, there does not exist a unique matriz
field V s.t. divV = K. Of course in dimension d = 2 if div K = 0, then
there exists a unique ¥ up to a constant, s.t. K = curl+. In dimension d > 2,
if div K = 0, there exists an anti-symmetric matrix V s.t. K = divV. The
anti-symmetric matrix V' is not unique in general though with the well known
issue of the gauge choice for vector potential if d = 3.

But even in dimension 2, there is no reason why ¢ € L if K € Wteo,
This is indeed connected to the fact that the Riesz transforms are unbounded
on L and the kernel K of (3) is the classical example of this. Instead one
only has in general that ¥ € BMO.

However even in this simple case, it is not known if v € BMO is equivalent
to K € W1 This question is connected to the classical representation of
BMO functions in [11]. For any ¢ € BMO, [11] showed that there exists
Yo, Y1, Yo € L st. ¥ = g + R1Y1 + Ropo with R;, ¢ = 1, 2, the Riesz
transforms. If it were always possible to take 1y = 0 then we would have the
equivalence but that seems (at best) highly non-trivial.

Instead the positive results that we have are much more recent and limited.
This line of investigation was started in the seminal [4] which proved that if
K € LYII?%) then K € W=b°°(IT%). If K is known to be a signed measure
then this was extended in [44] to find that K = divV with V' € L iff there
exists C' s.t. for any Borel set U

/U K (dz)

This result in [44] hence has the direct consequence

< Clou). (14)
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Proposition 2 Ifd > 1 and K belongs to the Lorentz space L4 (I14) then
K e W—hee,

Proof Assuming K € L% then for a constant C, we have that

C
{z eI, |K(z)] > M}| < i

Decompose now dyadically

/ K@)z < U]+ 325 [{z € U, |K(2)] > 2*)].
U k>0

Define kg s.t. 274 Fo+1) < || < 27%%0 and bound

{z € U, |K(z)| 2 2°}| < |U] for k < ko,

Ok for k > kyg.

{z € U, [K(2)] > 2°}| < {z € I, |K(2)| > 2"}] < 2d%

This leads to

/ K (z)|do < [U]+ Y 25U+ ¢ Y 200k
U

k<ko k>ko
< U] + 20072 U] + 020 DRt < o' U T

by using the definition of ky. By the isoperimetric inequality, there exists a
constant Cy s.t. \U|% < Cq|0U] so that we verify the condition (14) which
concludes the proof.

Prop. 2 not only applies to K given by (3) but proves in general that any K
with |K ()| < C/|z| belongs to W1,

The original result in [4] is not constructive, and it is even proved that the
V € L*® s.t. K = divV cannot be obtained linearly from K. The development
of constructive algorithms to obtain V' is a current important field of research,
see [46].

1.4 The case with vanishing diffusion

While we are mostly interested in Eq. (6) when the viscosity does not asymp-
totically vanishes, a nice (and essentially free) consequence of the method
developed here is to also provide a result with vanishing viscosity.

The result is of course weaker and requires K € L> with div K € L.
Obtaining an entropy solution to (6) in the sense of (2) is even more straight-
forward in this case as there is no need for integration by parts. Moreover we
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also directly obtain the following bound, which replaces in that case the one
provided by Prop. 1.

N t 2
/ pn(t, XN) log pn (t, XN) dXN + oy E / / MdXN ds
N i—1 Y0 JIeN PN

< / R logplh dXY 4+ Nt (| div K| + || div Fll <)
I7

(15)
Under those stronger assumptions on K, we have the following result

Theorem 2 Assume that divF € L*(I1%), that K € L*(II?) with also
div K € L*°(I1?%). Assume moreover that py is an entropy solution to Eq. (6)
as per Def. 2. Assume finally that p € L>=([0, T], WH>°(II%)) solves Eq. (2)
with [i;.p=1. Then

Y 1
rHN(pN|ﬁN)(t) Se]\/[z [K]loot <HN(IO(])V|/)?V)+N
+ Mo (1 + || K][oct) o —0N>7

where we now denote ||K||oo = |K||z~ + || div K|z~ and Ms is a constant
which only depends on

— _ ”VIOgﬁ”LP pdx 1 .
M, <a7 [ 1og ol .o, sup 224D - / P log o, || div F g |.
p>1 p N 14N

Remark 4 The constant M, is in the above complex form simply because we
include all cases oy — o > 0. For instance if oy = o, then M, only explicitly

depend on
_ Viog pllre(5
M, (sup H ngL (pdx)) .
p>1 p

For the vanishing viscosity case o — 0 = 0, M only explicitly depends on

~ |V10gf6|| P(pdx _
M, <SHP V108 Pl pan) L log e ) -
p>1 p

See the proof of Theorem 2 in subsection 2.6 for more details.

Remark 5 To control the error caused by the difference |c — on|, we need
Vlog p € L>=(II%). This can be replaced to moment assumptions like |V log p(z)| <
C|z|* so that the result can easily be extended to the whole space R,
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Theorem 2 is obviously mostly only useful in comparison to our main result
if oy — o = 0, including potentially the purely deterministic setting where
on = 0 or cases where the viscosity is degenerate in some directions. But it
also requires less regularity on the limit p and could also be of use in such a
situation. In particular it does not require that inf p > 0 and is hence easy to
extend to unbounded domains contrary to Theorem 1.

Because of its usefulness for degenerate viscosities, it is rather natural to
compare Theorem 2 to results for kinetic mean field limits based on the 2nd
order dynamics

N
1 .
dQi =P, dt, dP, = > K(Qi — Q) dt + v20x AW (16)
j=1

We refer to [19,28] for an introduction to the mean field question in this kinetic
setting. The best results so far have been obtained in [23] for a singular kernel
K with |K(z)| < C|z|~2, |[VK(2)| < C|z|7'7* with a < 1; in [22] for Holder
continuous K. The most classical case is again the Poisson kernel K(z) =
yax/|z|¢ which is unfortunately out of reach so far (except in dimension 1 as
in [25]). It is possible to treat truncated kernels such as K (z) = vq x/(|z|+en)?
with the most realistic ey obtained in [33,34]. However none of the techniques
in those articles seems, so far, to be able to handle any diffusion and especially
vanishing or degenerate diffusion as in (16). In the case of (16) where the
limiting equation is often called Vlasov-Fokker-Planck, we refer for example
to [3] which requires more regularity on K.

We remark that in comparison, the theory of mean field limits for purely
1st order systems without viscosity is much more advanced, with the limit
of point vortices already obtained in [21]. However as we noticed before, the
techniques developed there do not seem to be compatible with any (vanishing)
diffusion.

An obvious point of comparison for Theorem 2 is our previous result in
[29]. This previous result covered the case of (16) with the same assumption
K € L®; it also introduced the basic ideas for the method used here, based
on the relative entropy and combinatorics estimates.

However [29] was relying strongly on the simplectic structure of the dy-
namics in (16). Extending the method to general kernels K which may not
even be Hamiltonian, as is done by Theorem 2, changes the scope of the result.
It has also been proved to be quite complex: From a technical point of view,
the whole combinatorics estimates of [29] can be summarized in section 3 of
the present article while the new estimates are considerably longer, see section
5.

1.5 Sketch of the proof of Proposition 1

The proof follows very classical ideas: Consider a regularized interaction kernel
K.. Eq. (6) with K, now has a unique solution py . for any initial measure
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p%- The goal is to take the limit ¢ — 0, by extracting weak-* converging sub-
sequences of py ., and to derive (6) for the limiting kernel K and the various
estimates such as (8) and (9).

The only (small) difficulty in this procedure is to obtain adequate uniform
bounds. For this reason we only explain here how to derive those bounds for
any weak solution py to (6) which also satisfies (8).

The first step is to prove from (8) that

AN Ve, pn |
§ / / S dxNds< ¢ / p% log p% dX V.
=1 /0 Jmay - PN 4N

Observe that if divK € W1 that is divK = divey with ||¢||p~ =
| div K || yir—1.00, then

- — Z // div K(z; — ;) pn dx ds
o Jmin

7.]1

N t
<aivKlyne [ [ 9] axY s
=1

On the other hand

N ot
Z/ / Ve, on| dXV ds
i=1 /0 JIN

// IprNI ax™ ds
2||d1VK||W 1,00 * 74N

Hdvillwm // N
dX*® d
20'N Z HdeN g

S Nt”le K”W_Loo + / / |V:v7,pN| dXN ds.
20’N ZHdIVKHW 1,00 < 74N

This implies that

- = Z // div K (z; — x;) py dXV ds
[IdN

z]l

Nt||div K2

i—1 ON N ¢ |V PN‘Q
< W"M+—Z// DlNL gx N ds.
20'N 2 i=1 70 JIdN PN

Introducing this bound in (8) shows that

N t 2
/ o (8, XV) log prr (£, XV) dX N 4+ 20 / / NVaion® g yw g
JIaN 2 i—1 0 JIaN

PN

Nt div KA
S/ P log p dX N + H i1 + Nt|div F| g,
JIaN 20'N
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which since oy > o exactly proves (9).
From [38] by convexity, we know that

N t 2
1 =
/ / [Varpol” dzl diy <+ / / [Vairn® 45en g,
724 PN2 N~ Jo Jgan  pn

If K € W1 j.e.if K(z) = divV(z) or using coordinates K () = 22:1 0Vaps ()
with V' a matrix-valued field, then for any ¢ € W1

K(z1 — x2) ¢(x1,22) pN,2 dxy dzo

m2d
== V(z1 —22) (¢ Va,pn2 + Vi, @ pn2) de dzo
17
v | 2 1/2
< WVlle= [Vl + [V [|6] o ( / Napnal” 4 dxz) ,
m2d  PN2

which leads to (10) using that infy ||[V||ze = || K| -1.00 -
Finally, we note that

div x Zxaaja—d_v
[af = w T Lgpi T e

so that with the same approach it would be possible to derive the bound

1 v 2
/ _PN2 g dey < 72/ Vaional® e
m2a |T1 — w27 (d=7)? Jpza  pn2

for any v < 2if d = 2 and for v = 2 if d > 2, which has proved critical in
the previous derivation and studies of the 2d incompressible Navier-Stokes for
instance see [14,16] and [43].

2 Proofs of Theorems 1 and 2
2.1 Sketch of the proof of Theorem 1

Our goal in this subsection is to present the main steps of the proof. For this
reason, we make several simplifying assumptions that allow us to focus on the
main ideas. First of all, we assume that

F=0, divK =0, Ko=Y 0Vas with |V|pe(e) <3,
5

for § small in terms of some norms of p.

We also assume that p € C° with inf p > 0 and that py is a classical
solution to (6) so that we may easily manipulate this equation.

Finally we assume that oy =0 = 1.
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Following our previous discussion about the criticality of the assumption
K = divV with V € L*, we refer the readers in particular to the end of step
2 after formula (19) and to step 5 in the following proof. That step requires
the use of Theorem 4 whose proof contains the main technical difficulties of
the article.

If instead one would assume that V is anti-symmetric then the term B in
step 5 vanishes and as we mentioned above, we would have a much simpler
proof. Unfortunately this would not let us handle our most important kernel
K = 2t /|x|? corresponding to the 2d incompressible Navier-Stokes system.

Step 1: Time evolution of the relative entropy. First of all it is straightforward
to derive an equation on gy from the limiting equation (2)

N N

atPN‘FZ]i[ZK z; —xj) Vg PN—ZUA PN

i=1
N N

1
K(z — Ky p(z) | - Vs .
+; NZ *o p(i) | - Ve, pn
Combining this with the Liouville equation (6), one obtains that

ipr o) (@)

dt
._ . n N
E /HdN 2j) — K %3 p(2i)) - Vg, log py dX (17)
i, j=1
1 PN g
- = V,. log 2
N ;/FNNPN 8

A full justification of this calculation is given later in the main proof in Lemma
2.

Step 2: Using K = divV. As the kernel K is not bounded but we only have
that K = divV with V € L, the next step is to integrate by parts to make
V explicit in our estimates

N
1 _ _
- Nz Z /HdeN (K(z; — x;) — K %z p(2i)) - Va, log py dXN
i, j=1
N 9
- = Vi, — ;) = Vxg play) : ~22 ax
7 i;/wm (@1 = 23) = Vo plag) 2

N
1
b 3 [ V) =V e ) Ve © 92 2 ax ™

i, j=1

Observe that we were careful in writing that

_ N _
pN Vg, log py = oN VPN,
PN
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so that after integration by parts, the second term involves a derivative of
pn/pn which can be controlled thanks to the dissipation term in (17). More
precisely by Cauchy-Schwartz

N
1
2 Z/ (Vs — ;) = V %0 (1)) : Vv @ Vi, 2 d XY
=1 IaN ~
< iZ/ \V4 PN ’ @ dXN
_Ni:1 man | TN | pN
2
N N
1 / |V PN|2 1 B N
+ — - — (V(z; —xj) — Vg pla;))| dX
N; miN PN N; i
Of course
2 2 2
'vripN piN:vriIngfN PN
PNT PN PN

so that the first term is actually bounded by the dissipation of entropy. On
the other hand

Vol _ Vo) ?
P pzi)?
Hence we obtain that

SHnlon | )0 <A+ B (13)

2

N

= Jmay -
- / ! (19)
B = —= V i i) — V T P : 7J dX 5
7 [ v W) =V pla) - 222

and Cj is a constant depending only on the smoothness of p.
We point out here that Viiﬁ is a symmetric matrix. Hence, if V' is anti-
symmetric, then the term B completely vanishes: B = 0.

Step 3: Change of law from pyn to py. The two previous terms A and B can be
seen as the expectations of the corresponding random variables with respect to
the law pxn. Obviously we do not know the properties of py and would much
prefer having expectations with respect to the tensorized law py. We hence
use the following

Lemma 1 For any two probability densities pn and pn on TN, and any
@ € L>®(IIN), one has that ¥n > 0

1
/ PDpn dXNS’HN(pN |ﬁN)+f log/ ﬁ]\[eNdS dxV.
4N N 74N
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Proof We give the (short) proof for the sake of completeness. Define

1
f=<eV?pn, Az/ on eV dxy.
A HdN

Notice that f is a probability density as f > 0 and [ f = 1. Hence by the
convexity of the entropy

1 1
— 1 dxV < = 1 dx™.
N/HdeN ng - N/HdeN 08 PN

On the other hand, one can easily check that

1
= 1 dxV = & dxV 7/
N[ anV 18] /HM”N TN S pan

which concludes the proof of the lemma.

To apply Lemma 1 to A, we first expand A coordinate by coordinate as

- N d 1 N 2
A< =L =Y (Vaps(@i —x;5) = Vag %o pla; dx™.
_N;Q;/W;w 7 32 Vnoles = 23) = Vo 5z )

Now applying Lemma 1 first to each

2
N
1 _
Do = N Z (Vg —x5) — Vag %o plai)) |
j=1
in A and then to
N 9
1 _ va:lp(xl)
¢ = N2 Z (V(zi — ;) = Vxg plai)) + ———,
ij=1

p(;)
in B, we obtain that

A+ B<2Hn(pn | pn)(t) + A+ B,

2
N
1
log/ eXp | ——= Vv,l7 T — X)) — V% Ko plai
i=1 a,=1 N \/NZ( 5( i) 8 (x3))

Jj=1

pn dXV,

- 1 LN (V(mi—ay)— Ve _))_viimzi)
b= Nlog/ py e o= 2P(@)): —Fay— qx N,

(20)
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Observe that the cost to perform this change of law is, unfortunately, severe
as we now have exponential factors in A and B. That is the reason why we
need L*> (or almost L*) bounds on V.

Step 4: Bounding A through a law of large number at the exponential scale. By
symmetry of permutation, we may take ¢ = 1 in A. Define

Ya,5(2,2) = Va,p(z — ) = Va,g %z p(2),

so that
N 2
1 _
N Z (Va,p(@1 — 25) — Vg %o (1))
j=1

1 XN
=N Z (1, 25 )Yap(@1, Tjs)-

J1,72

We remark that each ¢ has vanishing expectation with respect to p

/ VYas(z, ) p(z) de = 0.
7d

Theorem 3 Consider any p € L*(IT%) with p > 0 and S p(z)dz =
Assume that a scalar function ¥ € L with ||¢]|p~ < and that for any
fiwed z, [0 ¥(z,x) p(x)de =0 then

26’

/dN PN €Xp Z Y(wy, 2, (z, 25,) | AXY
= sz 1 (21)

B 5a 153
<o=s (4 )

where pxn(t, XN) = TN | p(t, z;)

a=(elwlie)t <1 B=(Vae|vll=) <1 (22

We give a straightforward proof of Theorem 3 in section 4, using the com-
binatorics techniques developed in the article. But note that this theorem is
essentially a variant of the well known law of large numbers at exponential
scales; the main difference being that ¢ (z1,;, )¢ (21, z;,) does not have van-
ishing expectation if j; = jo, j1 = 1 or jo = 1. Technically Theorem 3 is hence
rather simple, contrary to Theorem 4 below.

Using Theorem 3 and by taking ||V||L- small enough, we deduce that

A< =L (23)

2.‘§
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Step 5: Bound on B through a new modified law of large numbers. We now

define V25(0)
= r—2z)—Vxp(x)) : YaPT)
o 2) = (V= 2) = Vwple) : 2050,

and we apply to B the following result

Theorem 4 Consider p € L*(II?) with p > 0 and [, pdz = 1. Consider
further any ¢(x, z) € L™ with

2

p>1 b

where C' is a universal constant. Assume that ¢ satisfies the following cancel-
lations

/ ¢(x,z) plr)de =0 Vz, / ¢(x,2)p(z)dz=0 Va.
Then

N
i 1 v 3

ij=1 -
where we recall that py(t, X)) = 1IN, p(t, x;).

Theorem 4 is by far the main technical difficulty in this article. Observe that
contrary to classical laws of large numbers, it requires two precise cancellations
on ¢, separately in x where

/ d(z,2)p dx—/ (div K(x — z) — div K %, p(z)) p(x) dz = 0,
Hd
as div K = 0 and in z where we use the classical cancellation
| Ve =2~ Ve plo) pla) dz =0,
I

Choosing ¢ so that ||V||L~ is small enough, Theorem 4 again implies that

~ C,
B< N (25)

While Theorem 4 looks similar to the modified law of large numbers that
was at the heart of our previous result [29], it is considerably more difficult to
prove. In [29], we relied a lot on the natural simplectic structure of the problem,
which is completely absent here. The proof Theorem J is therefore the main
technical difficulty and contribution of the article, performed in Section 5.

As we noticed earlier, if V were anti-symmetric, then one would have ¢ = 0
and in turn B = 0. The main technical difficulty here is due to the need for a
V without symmetries, which is required to handle 2d incompressible Navier-
Stokes.
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Final step: Conclusion of the proof. Inserting (23) and (25) in (18), we
deduce that

d c,
N n < 2 o) ~-pr
dtHN(pN | pn) <2Hn(pN | PN) + N

allowing to conclude through Gronwall’s lemma.

There are several additional difficulties in the general proof. The fact that
[[V]|Le is not small forces us to carefully rescale all our estimates. Similarly
since py is only an entropy solution to the Liouville Eq. (6), we have to proceed
more carefully in estimating the relative entropy.

2.2 Time evolution of the relative entropy

The first step in the proof is to estimate the time evolution of the relative
entropy,

Lemma 2 Assume that py is an entropy solution to Eq. (6) as per Def. 2.
Assume that p € Wh>([0, T] x II?) solves Eq. (2) with inf p > 0 and [,,4p =
1. Then

Havlon | )0 =~ [ ot ) 10g 2XEX) 4w <y (8 %)
N Jgan ’ ﬁN(t,XN) -
N2 Z / /dN — ;) — K %4 p(x;)) - Vg, log pn dx® ds
i, j=1
Z / / (div K(z; — x;) — div K x, p(2;)) dX" ds
)] 1 HdN

2
+C1t|0'70'1\[|,

g
- = PN vﬂﬂz
N Z;/o /Hw ‘

where we recall that py(t, XN) = 1IN, p(t,x;) and with

K3

1 2 _
C= o E/Hde?v log o +2 | log 731 +

Idiv K2, . 2| div F| g~
o? * o '

Proof From the limiting equation (2), one can readily check that log px solves

N N
1 fEL
Otlog pn + E N E (F(x;) + K(z; — xj)) - Vg, log pn = E o—— PN
=1 j=1

i=1 pN

1
+Z NZ z; — xj) — K xy p(23) | - Va, log pn (26)
=1

N
Z div F(z;) + div K %, p(x;)).
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Remark that logpy € WH([0, T] x IT?N) since p € WL([0, T] x I1%)
and p is bounded from below. Therefore log pn can be used as a test function
against pn in Eq. (6). This implies that

/ pn log py dX ™ / p% log py dX ™V
AN 4N

// PN atlogpN+— Z (z)+ K (zi—x;)) - Vg, log py | dXN ds
JIaN
7,7=1
N t
—on Y. / Vo, log pn Ve, pn dXV ds.
HdN

Using the equation (26) on log gy, we obtain
/ pn log py dXV / P log p dXN
AN IaN
+Z/ /HdN ZK 2 — ;) — K wp p(ai) | - Va, log py XV ds

/ / PN Z (div F(2;) + div K %, p(x;)) dXV ds
TN

i=1

\Y%
+Z/ / < xsz - O’vi PN * W) dXN ds.
TdN PN PN

Using the entropy dissipation for px given by (8), we have that

Havlpx | pw)(t) < Hav(px | pw)(0) + 5 Doy

N2 Z // (xi — xj) = K %, p(2:)) - Ve, log oy dX ™ ds
HdN

’le

§ j K 1‘ F( = ]X’N ]
52 / / N ( .7) 33)[( Z)) ?

with

N t — — 2
Az, Ve, \
Dy =) 1/ / (_JPN fPN L o T oy LEPN |Va, pn| ) .
=1 J0 JmaN PN PN PN




Quantitative estimates of propagation of chaos 23

By integration by parts

Ay Va,p V.. pn |2
/ (_pN PN gy PN |V, pn | )
IaN PN PN

PN
V. Pn | VP V. pn|?
:‘/ (pN'ifN'—wmmv- ey | ‘pN) (28)
4N PN PN PN

2

=—/ PN ‘Vzilong
manN PN

On the other hand,

A
(o0 —on) / N
=1 N PN
V:tuaN |v$i PN|2>
(0 —onN) VPN - —— + pN = .
Z/mw ( PN P

Of course

|Va, pn|* pN\ / |V, pls)|?
7<N log pl|y1.00
E:/W §j N L) < N g

while by Cauchy-Schwartz

Vz
Z// VPN - <Nt||longW1m+Z// Vaupnl” pN'
JIaN

) 2 Nt divE[2,,
SNtnlogpn%Vlmf/ A log o + v
O JgdN ok
2l div F|| 00
4 g 2 Pl
ag

by Prop. 1 based on the entropy dissipation.
This leads to

O'—O'N Z/ /HdN aipN

<o —on| (Nt [2 I og plf3s.~ +

2
+ */ PN 10gp°N>-
O JgdN

[div K2, o 2 div F|pe
a? * a

(29)
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Finally combining (29) with (28)

N t
Dy < —QZ/ / PN Vo, log 2¥
i—1J0 JImdN PN

Idiv K%, . L2 div F
o2 o

2
2
+|0—UN|</ P log p
O JmadN

)

+Nt

2 || log pllfy1. +

which inserted in (27) concludes the proof.

2.3 Bounding the interaction terms: The bounded divergence term

We now have to obtain the main estimates, starting with the case where the
kernel belongs to W~1:>°(1I%) and has bounded divergence.

Lemma 3 Assume that p € W2P(I1%) for any p < oo, then for any kernel
L € W=Loo(IT?) with div L € L™, one has that

N

- % 'Zl /HdN pn (L(z; — x;) — L%y p(2;)) - Vo, log py dXV
1 17 jv_
- ¥z Z_ /HdN pn (div L(z; — x;) — div L, p(z;)) dXV
17]0' - PN |2 N 1 1
< 02 [ VT8 22 Y O (o) + ).
where C' is a universal constant and
ML= 12135100 ILNF, s L2 e i P | div Ll e

o (inf p)? infp  p>1

Proof Remark that in this estimate, time is now only a fixed parameter and
will hence not be specified in this proof.

Denote V € L>®°(I1%) s.t. L = div V. By the definition of W =1 we assume
that ||V||z < 2| L||}j/-1... By integration by parts

1 — — N
X [ o (Ll =) = Loty (o) V. Tog i 4X

1 N
-3 > /HdeN (div L(z; — ;) — div L*, p(z;)) dXN = A+ B,



Quantitative estimates of propagation of chaos

25
with
- P
— 2 — ) =V oxy p(25)) ¢ Vi, pn @ Vi, B2 dXN,
-+ Py [ =) = Vo pla) s Vi 99,2
N 9
1 Vi pn
- — . _V n . :%
N2 2]_:/ ;) *z p(Ti)) N

— divL(z; — x;) + div L %, ﬁ(xz)] dx¥.
We treat independently A and B.

The bound on A. First by Cauchy-Schwartz and by using ab < a?/4 + b2

N =2
a PN PN |2 N
< = PN g, BN ax
T o e

dN PN
2

N N
. 0 vﬂﬁzﬁN
e (v 5

Jj=1

2
N dX .

Remark that
2

—12
_ |V, log play)? < WPl

(inf 5)?

PN

Hence one has that

N
a PN 2 N
A<—E V. log —|° dX
4 N 4 /ngle ¢ OgﬁN|

= - (30)
30 Sl N E5 U R )

i=1 a,f=1 j=1

PN dXNv

where V,, g is the corresponding coordinate of the matrix field V.
For some n > 0 to be chosen later, we apply Lemma 1 with

2

N
1 —
N > 0 Vas(@i = 25) = Vap %2 plas) |
j=1
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to find

1 N d 1 N 2

X 2 [ S Vel =) = Vap e o)) |y ax?
i=1 a,f=1 j=1

d2
< ? Hn(pn | PN)

— 2
TNy 22 Z log/ pn eV (3 20 Vas(@ime))=Va srap(@)” qx N
i=1 a,f=1

(31)

By symmetry
Ly (3 ?
il 1 on N (v 251 (Vas(@i—z;)—Va,pxap(xi)))” qx N
w2 los /Hd,N PN €

= 10g/ N N (F (Va3 (51 =25) = Ve %2 5(21))) dxN.
IdN

Define ¢(z,x) = nVa p(z —x) —nVyp*p(z). Choose 77 1/(4e||V]re) and
note that |[¢[|z~ < ;= and that for a fixed z, [ p(z) x) dx = 0. Since

4e

2

Z

1
N N Z?? (Va,p(z1 — 25) — Va5 %2 p(21))

j=1

N
1
=~ E Y(wy, 25,) Y1, 24,),
J1,J2=1

we may apply Theorem 3 to obtain that
/ o e (Vo p1=2) Vo swapl@))” gx N < ¢
JId N

for some explicit universal constant C.
Combining (30)-(31) with this bound yields the final estimate on A

PN 12 N
AL — Vg, log —|* dX
4N§;/HMM| 1o 2%

1201551, 1V 117 _ 1
T o(mfp)? HN(PN|pN)+N ;

again for some universal constant C.

(32)
+Cd

The bound on B. Define
Vai(z)

6w, 2) = (Ve —2) = Vora )+ 200

—div L(x—2)+ div Lx; p(z), (33)
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so that
N 9
1 \% PN
B=— Vi*'*vz_¢5#
32 Z_/HPN (Ve = 25) = V v o)) 5 2
— divL(z; — x;) + div L %, ﬁ(xl)] axm
1 N
= 2 Z /HdeN d(x, ) AXH.
i,j=1
Apply Lemma 1 with
N
1
P = N2 Z né(zi,xj),
ij=1
so that
1 1 o
BS*HN(PN|/7N)+7/ ﬁNe%Zi,jn(b(zumy) dXN (34)
n N77 JIdN

Observe that [, ¢(x, z) p(z) dz = 0. While by integration by parts

*. p(T 'vi'ﬁ(gj)_z x
| ==V @) 00 5w

= / (div L(z — 2) — div L %, p(z)) p(z) dz,
d

implying that [, ¢(z,2) p(z) dz = 0. Note as well from (33) that

Ve _ .
150D [0 )l | r rae < 2 L™ 192511y + 2 v L v
z inf p
Hence choosing

1

n= . ,

[VilLe 1V2pllLr .
C( s Sup, ot +HleLHLoo)

we may apply Theorem 4 to bound
/ ﬁN 6% ELJ né(xi,x;) dXN < 67
4N

for some universal constant C. Hence from (34), we conclude that

Vil V2Pl
—— su
inf p

pec(

+ldivEls ) (Halon| o)+ ) - 65

To finish the proof of the lemma, we simply have to add (32) and (35),

recalling that ||V|[ze < 2[|L][j-1.c-
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2.4 Bounding the interaction terms: The divergence term only in W—1leo

Lemma 4 Assume thal p € WLP(II%) for any p < oo, then for any kernel
L € L>(IT%) with divL € W=1>° one has that

N
1
~55 2 [ en (s =)~ Lo (o)) - Vi logpx dX

N
1 . . _
-~ g /HdN pn (div L(z; — ;) — div L %, p(x;)) ax¥y

i, j=1
<SS [ o IValog PP XY e (Hnlox ow) +
— 4N — Jman o PN N’

where C is a universal constant and

Vol L

M2: L oo d L i/ —1,00
2= (Ml + 11 div L) 2

d
—|divL|* _, ..
+ v I

Proof The proof follows similar ideas to the proof of Lemma 3 but now we
have to integrate by parts the term with div L instead of the term with L.
Denote L € L™ s.t. div L = divL and || div L||yj;—1.. = || L|[ec. Write

N
1
- > div L(z; — x;) — div L%, p(x;)) dXV
IE Lj_l/HdeN( iv L(z; — ;) iv L*g p(x;))
1 ol p
= — Vm._—N- L(z; —x;) — Lz p(x;)) pydXN
W2 2 Jyun Vot (M) = L) o

N
! I 5 - N
oz 2 /HdeN (L(xi_xj)_L*rp(xi)> -V, log oy dX V.

i, j=1

-~ N Z /HdeN (div L(z; — x;) — div L, p(z;)) dXY = A+ B,
(36)
with
N

AZ% Z / prl(i(xl—z])—i*xﬁ(zz)> ﬁNdXN,

P
i j=1 ITdN PN
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and
;X
_ 7 Foo- ~ N
B = N2 i;l /HdN pn (L(zi — ;) = L xy p(21)) - Vo, log py dX ™,
for L=L—L.

Bound for A. We start with Cauchy-Schwartz to bound
T & PN 12 PA
“4N Z:: Ve PN | PN
1L -
PN | > (Lal@i — 2j) = Lo *p plai)| dXV,

where ia is the a coordinate of L.

Denote (z,z) = 1 (La(z — ) — Lo * p(2)), and use Lemma 1 for & =

2
‘% Z;\; Y (@i, Uﬂg)‘ to obtain

N
1 1 ) ) ) )
N ;/ndpr NZ(LQ(% —2j) — Lo %; p(x;)| dX

1 _ 1 _ L ap(s,a5) |
< ?HN(PNWN)‘FNT]Q Zlog/HdeNAN el qx N,

Of course [}, % (z,2) p(x) dz = 0 so that taking

_ 1 _ 1
46||I~/||Loo 46HdiVLHW—1,oo,

Ui

and applying Theorem 3, we find

a PN 2 15N
A<— z, log —|*dX
ST B AT

Idiv L)%, . 1
Cd———= <7'1N(PN | pn) + N> ~

g

Bound for B. We follow the same steps as before, define
6(2,2) = (L(z — 2) — L*, () - V., log (),

and first apply Lemma 1 with & = <& ij:l é(x;,x;) to find

1 1 .
B S *,HN(PN ‘ /_)N) + Ni log/ ﬁN 6% Z'i,j d(zi,xj) dXN
n n IdN
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Since divL = divL — div L = 0, we have that

o(2,2)p(z)dz = | d(x,2) pla) dz = 0.
g g

Choose
1 inf p
n= — - - = - — ,
C||L| L sup, W C (1Ll e + 1 div Ly -1.0) VP Lo

and apply now Theorem 4 to conclude that

Vol L~

B <C(ILlu~ + 1 div L) S

(Hxtow o)+ ). 69

Combining (37) and (38) concludes the proof.

2.5 Conclusion of the proof of Theorem 1

The proof of Theorem 1 follows from the previous estimates through a careful
decomposition of the kernel K.

By the assumption of Theorem 1, we have that K, = 03V,s where V €
L>°(IT%) is a matrix field, and that there exists K € L™ s.t. divK = div K
and ||I~(||Loo(Hd) < 2||div K||yj/-1. - For convenience, we use the notation

I = 1K o aray + 1V oo ey < 211 div K [y, + 21K Ly

Define K = div V- K. Note that div K = 0 and obviously since KelL>®
and we can choose K s.t. [K = 0, then K € W5 with ||[K|[jj-1.0c <
Ca | K]. _

We combine Lemma 2 with Lemma 3 for L = K, and finally with Lemma

4 for L = K. We obtain
Hy(pn | pn)(t) < Hu (P | AN) + Crtlo — on

t 39
w0 [k 023) (Hutox | o) + 7 ) . )

Because of our specific bounds

7 oll% oo R i/ —1,00 v27 P
My < R, s Ko g IV Pl
W5 g (inf p)? infp D
> (I wF [Vollim  dy o
M (1Rl 41 Rl ) SEEE™ 4 DAV R

To keep calculations simple, we do not try here to obtain fully explicit bounds
(which would still be possible) and simplify (39) in

Hu(pn | pn)(t) < Hn (o | P%) + M (1+t(1+ | K]*)) o — ow]

1

_ t 40
31l + 181 [ (o 7)) + 3 ). .



Quantitative estimates of propagation of chaos 31

where we only kept explicit a simplified dependence on K and where the
constant M depends only on

- P IV3pllr 1 0 0 .
8 ( d, o, infp, [P, sup V212 L f 0 00 g0 fldiv e ).
p P N 74N

By Gronwall lemma, (40) implies that

] 2 1
Hav(pw | Bw)(E) <eM EIHIKI) e <HN<,,9V )+ =

+ M1+t (1+[1K]) 00N|>,

which concludes the proof of Theorem 1.

2.6 Proof of Theorem 2

The proof of our result for vanishing viscosity is in fact now straightforward
as it uses our previous analysis.
First of all, we have an direct equivalent of Lemma 2

1

_ = pN(t’XN)
N Jgan

t, XN) 1
pN( ) ) 0g ﬁN(t,XN)

Hu(pw | AN)() AXN < Hy(p% | 2%)

N t
1 _ _
- N2 E /0 /HdeN (K(z; — xj) — K %z p(21)) - Vo, log py dX™ ds

i, j=1

N t
1
-5z > /0 /ndeN (div K (z; — 2;) — div K %, p(z;)) dXY ds + ay

i, j=1

(41)

where when oy — 0 =0,

N

ON B - ) N »

= IN Vo, log p(z:)|2 dX N ds < to — on| || 1 N
TN z‘:1/0 /HdeN| Jog plz:) s < tlo —on| |/ log pll31

while when oy — 0 > 0 as N — oo, we can take ¢ = 0/2 as in Lemma 2
which gives

ayny = CQHO'—O'N|
with Cs given by

2

2:oNt

2. . 2. _
/ A Tog g% + 21 div K| g + 2| div Fl g + 2|/ log 3.
JIdN g g
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There is no need for any integration by part on the other terms in (41).
Denote for some 1 > 0

%(b(l’, z) = (K(z — 2) — K %, p(x))-Vy log p(x)+ div K (x—2) — div K, p(x).

We directly apply Lemma 1 to

1 N
P = ﬁ Z ¢(xiaxj)7

ij=1
and find
Z / /d (i =) = K g plai)) - Vi, log py dx ds
1, J 1 I N
N2 Z // (div K(z; — xj) — div K %, p(x;)) dxN ds
i =1 HdN

N
1 1 1

<= 5 — 1 b — sxi) | dx.

< nHN(PN|PN)+ N Og/HdeN xp | Z o(z;, 2;5)

ij=1

We use Theorem 4 and observe for this ¢ satisfies the required assumptions
and in particular

N = C (sup || sup, ‘d)(az)| ||Lp(ﬁda:)>2
p>1 p

|VIOgﬁ|LT’(pdw)>2

<O IKIR <sup <1,

p>1

provided that
1

O K s sup, IFHEL e

and where we recall that
[Kloo = [[K]|oe + [ div K[~
By Theorem 4, we hence have for some universal constant C' > 0

Z// (2i —25) — K x5 p(3)) - Vi, log oy dX Y ds
HdN

111

- Z / /HdN (div K (2; — ;) — div K %, p(z;)) dXV ds

1]1

M | K / (Pexto | o) + 7 ) .
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Inserting this in (41), we find that

t
Moo | ) <Aool | )+ N | | (HN<pN|pN><s>+}V) as
+ My (1+t]K|loc) |o = o]
for some constant M, depending only on
|V 1og pl| 1 (5 dar)

315 (o, | 10g plly 1~ sup =22,
p>1 p

1 .
N [ st div Pl ).
TdN

This concludes the proof by Gronwall lemma.

3 Preliminary of combinatorics

Before the proof of the main estimates Theorem 3 and Theorem 4, we list
some useful combinatorics results used throughout this article. We first recall
Stirling’s formula

n! = A, V21mn (g) , (42)
where1<)\n<%and)\n—>1asn—>oo.
We have the elementary bound following from (42)

Lemma 5 For any 1 < p < q, one has

<q> < ePgPpP.
p

One also has the basic combinatorics on p-tuples

Lemma 6 For any 1 < p < q, one has

1
{(b1,....b,) ENP|VI1<b <qandby +by+ - +by=q} = <Z_1>.

Proof (Proof of Lemma 6) When p = 1, the lemma trivially holds true with
the convention (8) = 1if p = ¢ = 1. We thus assume p > 2 in the follow-
ing. Since each p—tuple (b1,bs,--- ,by,) uniquely determines a (p — 1)—tuple
(c1,c¢2,- -+, cp—1) and reciprocally via

c1=bi,ca=b1+ba,- -, cp1=b1+ba+ - +bp1,
it suffices to verify that

-1
|{(617627"'7Cp71)|1gcl<02<"'<cp,1§q—1}|: <q )

p—1
This is simply obtained by choosing p — 1 distinct integers from the set
{1,2,---,q — 1} and assigning the smallest one to ¢;, the second smallest

to ¢, and so on.
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Much of the combinatorics that we handle is based only on the multiplicity
in the multi-indices. It is therefore convenient to know how many multi-indices
can have the same multiplicity signature

Lemma 7 For any ay,...,aq € N s.t. a1 +---+aq = p, then the set of multi-
indices I, = (i1,...,14p) with 1 < i, < ¢ and corresponding multiplicities has
cardinal

. . ) p!
{(21,...,2,,) e {1,....q) |Vl a = |{k, zk:l}|} -

arl---aq!’

Proof This is the basic multinomial relation: We have to choose 1 a; times
among p positions, 2 as times among the remaining positions and so on...

p

Similarly as for the binomial coefficients, % is the coefficient of x{" ... 2g*
A

al-
in the expansion of (z1 + - -+ + z4)? leading to the obvious estimate

Z oot = ¢ (43)

a!---ag!
a1,..,a¢20, a1+-+ag=p

Let us fix some notations here. We write the integer valued p—tuple as
I, = (i1, ,ip) . The overall set 7, of those indices is defined as

Top ={Ip = (i1, ,ip)[1 <iy, <gq, forall 1 <v <p}. (44)

We thus define the multiplicity function &,, : 7,, — {0,1,--- ,p}? with
¢Q7P(Ip) = Aq = (alv ag, - - 7aq)7 where

a={1<v<pli=1}

In many of our proofs, we use cancellations so that any I, which has an index
of multiplicity exactly 1 leads to a vanishing term.
This leads to the definition of the “effective set” &, ), by

Eqp ={Ip € Typ | Pyp(Lp) = Ag = (a1, ,a4)
with a, # 1 for any 1<v <gq.}
One has the following combinatorics result

Lemma 8 Assume that 1 < p < q. Then

) 13 <(l]>lp _ L];J(éj) (@)p < Detgh (g)’ (45)

=1

€90
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Proof (Proof of Lemma 8) Pick any multi-index I, = (i1,--- ,ip) € & and
recall that |I,| = [{i1,--- ,ip}|. The fact that I, € &;, implies that the mul-
tiplicity of each integer cannot be one. Hence 1 < |I,| < [£]. Indeed, if
|I,] > [5] + 1, then

p22(L§j+1) >2(§—1+1) —p,
which is impossible.

If p=1, then &, = 0. The estimate (45) holds trivially. In the following
we assume that p > 2.

Denote I = [I,,| which can be 1,2,---, | £]. Consequently, one has by sum-
ming all possible choices for |I,|

L5)
1€q.0l = Z {1p € Eqpl p| = 1}].

=1

For a fixed |I,| = I, there are (f) many choices of numbers [ from S =
{1,2,---,q} to compose I,.

Having already chosen those [ numbers from S, without loss of generality
we may assume that I, as a set coincides with {1,2,--- ,1}. The total choices
of p—tuple I,, can be bounded by [? trivially since each 7, has at most [ choices.

Remark that 1 <1 < [§] < [2], so that

(1)< (LqJ>

s (=) ()

=1

Hence one has

_
(NS

The last inequality in (45) is now ensured by Lemma 5, in particular the
following inequality

(L;{J) < elBlglEI( Dpye),

2

This finishes the proof of Lemma 8.

4 Proof of Theorem 3

The goal here is to bound

N
. 1
/HdeNeXp N D W) (e ag,) | dx N,

J1,J2=1
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for any bounded i with vanishing average against p.

Since
_ — 1 k — 1 2k
k=0 k=0

it suffices only to bound the series with even terms

N
_ 1
/HdeNeXp N Z ¢($17$j1)1/}($17$j2) dx™

J1,j2=1

N w0
<3> v [~ D vz v(eg,) | dxV,
(2k)! N
k=0 ey i1.da=1
where in general the k—th even term can be expanded as
. L 2k
(2k)! /mN vy 2o vlena)vlenag,) | dxy
e (47)
1 1 B N
) (Qk)' N2k J Zj:kfl /HdN PN 7/)(371, le) o w(‘rl’xhk) dXx*.
15" )4k —

We divide the proof in two different cases: Where k is small compared to
N and in the simpler case where k is comparable to or larger than N.

Case: 4 < 4k < N First observe that for any particular choice of indices
15 ---,Jak, one has

/I\Y‘iNﬁN ’(/}($17xj1)."w(irlaxjélk)dXN < H/w”ikoo (48)

The whole estimate hence relies on counting how many choices of multi-indices
(J1,- -+, Jax) lead to a non-vanishing term. Denote hence Ny 45, the set of multi-
indices (j1,- - ,jak) s-t.

/ pn (w1, w5,) - (w1, 5,,) AXY #£0.
IdnN
Denote by (ay,...,an) the multiplicity for (ji, ..., jax),

a; = |{V € {1,,4]{}’ jy = l}|

If there exists [ # 1 s.t. a; = 1, then the variable z; enters exactly once in the
integration. Assume for simplicity that j; = [ then

/HdN PN w(xhle) e w(xlﬁsz;k) dXN
=/ Yy, m4,) - (e, w5,,) Hipp(z;) do;
J7d (N—-1)

\/Hd ﬁ(le)w(x15zj1) d‘rjl = 07
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by the assumption of vanishing mean average for ¥, provided | = j; # 1.
Recall the definitions of the overall set (see (44)) and the effective set

={Ip €Top | (a1, ,aq) = Pgp(Ip)
with a, # 1 for any 1 <wv <g¢},

where (a1, -+ ,aq) denotes the multiplicity of the multi-index I,,.
Therefore the integral

/HdNﬁNw(Ilale)"'w(xhxﬂk)dXN

vanishes unless ji, - - - , jar belongs to En 4 (all multiplicities are different from
1) or satisfies a; = 1 and every a; # 1 for [ > 1.

In that last case, we have to choose one index n s.t. j, = 1, with 4k possi-
bilities. The rest of the multi-index (j1,- -, jn—1,Jn+1," " ,Jjar) must have all
multiplicities different from 1. This multi-index hence belongs to Ex_1 4k—1.

Consequently,

NN k| < [ENnak| + 4k |EN—1,a5-1]-
We now apply Lemma 8
Nu,ar < (1+4k) |En an| < 10 k2 ¥ N2F (2k)

Using (48) , for 1 < k < [ &, we obtain

1 1 N
(Qk)' N2k Z /dN PN (@1, 25,) - - (2, 2,,) AX
Jiyeesjae=1 1 ( )
1 10 49
(2k)' Ngk k2 2k N2k (2k>2k HT/JH

<5e k2 )ik,

by the Stirling’s formula for n = 2k.

Case: 4k > N. In this case, we do not need to use any combinatorics. We
simply remark that there can be at most N** multi-indices. From (48), we
have for k > [ 4]

1 1 N
2k Z / prxlvxh)"'w(l‘lax]@k)d‘x
(Qk) N an=1 JIaN (50)
1 1
< iy w VIS <k 227 e |l 3,

still by the Stirling’s formula.
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Conclusion of the proof. Combining (49), (50) and (46), we have that

N
/HdN PN €Xp Z Yz, xj,) Yz, z5,) | dX

31,]2 1
L4
< 3<1+ 5ett k2 [yl 1h + Z k7 2%k 2 ||¢||‘£’20).
k= k=4 ]+1
The proof of Theorem 3 is completed by
L

=z

J -
Bel™ k[t <50 k(k+1)ak !

k=1 k=1

2 (&, 1\ 10a
“ da? (kZ_oa> a(l—a) (1—a)3<oo’

oo o 1
k% 92k 2k Ak k_ _1
H;Hl )l _kzzlﬁ T
— L4
__B
1-p

while

™

< 00.

5 Proof of Theorem 4

We recall that our goal is to bound

e dx™
/HdN PN €Xp Z¢x17x3

Zjl

with the assumptions

/ é(z,2) p(z)de =0 Vz, / ¢(x,2)p(z)dz=0 Va.  (51)

As in the proof of Theorem 3, one expands the exponential in series and only
needs to bound the even terms

2% (52)
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As in the proof of Theorem 3, we separate the proof into two cases: the case
where £ is relatively small compared to N which requires a careful combinato-
rial analysis to take vanishing terms into account and the more straightforward
case when k is comparable to or larger than N.

Accordingly Theorem 4 is a consequence of the following two propositions

Proposition 3 If 4k > N, one has

N 2k
1 1
ol B )| ax®
(Zk)!/HdeN Nmzzlﬁb(sc xj)
2k
< <6€2 sup ||Supz |¢('7’z)||LT’(pdm)) .
p>1 p
Proposition 4 For 4 < 4k < N, one has
N 2k
x / p 1Z¢(xx) ax™
7o\ N | X7 iy Lyj
(2K)! Jgan Nm:1 J
2k
su "2z (5 da
< (1600 p L2021 [ )"
p>1 p

Let us give a quick proof of Theorem 4 assuming Proposition 3 and Proposition
4.

Proof (Proof of Theorem 4) By (52) and Proposition 3 and Proposition 4, one

has
_ 1 N
PN €XP N gb(zi,zj) dX
man 7,7=1
LE] ok
<3(1+3 <1600 sup 120 |¢("Z)|”Lp(pdz>)
- k=1 21 p
© 2k
T Z <662 sup I sup |¢("Z)|”L”(pdw)> >
=¥+ S P P

2
We defined v = C (Suszl I sup. |¢(";)H|Lp<‘jd’)) < 1. One obtains, taking
C = 16002 + 36 ¢4,

N oo
_ 1 N .
/HdeNexp Nz¢($ia$j) dXx ggkgov -3

i,j=1

completing the proof of Theorem 4.
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5.1 The case 4k > N: Proof of Proposition 3

For k > % the k—th even term can be estimated by

N 2k
1 / |1 N
— [ | ewney)|  dx
11 N ) N
< (Qk)INQk Z HdeN Sl:p|(b($7,172)|Sgp‘¢($l2k,z)| dX
11,51, yi2k,J2k=1

1 N 2k
= _ 7 dx™.
e (;sgpqﬁ(x z>|>

Hence
N 2k
i/ > i Z o(xs,25) axnN
@R Jygan PN | N 2 P
W= (53)
_ 1 Z (2k)' Mar MON
(2R (@)l (an)t " o

’ a1+---+an=2k,
120, an >0

where we denote
Mg = [ suplota, ) o) do
Hd

z

with the convention that M§ = 1. Remark that

a;
Mg? < a;.“ (sup || Sup, |¢($>Z)|||Lp(pd:v))
' p=>1 p

S , (5 da a;
< eai(ai)! (sup ” up ., |¢($ z)|||L (pd )> :

p>1 p

where the last inequality n™ < e"n! can be easily verified by the Stirling’s
formula. Inserting it into (53), one obtains

2k

1 1
— - . . XN
(2k)!/,7deN NUZjW%) d
’ (54)
k
< eZk <Sup ||Supz ¢(xi1ﬁz)||Lp(pdx)>2 Z 1
B p>1 p

ay+---+an=2k,
a120,--an>0

The quantity > a,+...4+ay=2k 1 is equal to the cardinality of the set
a120,---an >0

{(a1,az2, -+ ,an)|a1 +---+ay =2k,a; >0for 1 <i< N}
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or the cardinality of the following equinumerous set
{(bl,bg,"' ,bN)|b1 ++b1\/ :2]€+N,bZ > 1for 1 S’LSN}

Applying Lemma 6 in section 3 by taking p = N and ¢ = 2k + N, this cardinal

is exactly (2k;f1_1).

This expression can be simplified. Note that if @ > b/2 by Stirling’s formula

(V)= Ve

Since (14 1) < e for any s > 0, this gives

(“gb) < (3e)".

Since 4k > N, (Qk;ffl) < 3% ¢2* and therefore from (54), one obtains that

(a+b)a=% < (1+b/a)* (1+a/b)® <3%(1+a/b).

. LW 2k
_ 5 i i . dXN
(2k)!/,7deN N Z o(@i, z)
L=t (55)
2k
< g2k ik (sup | sup, |¢($az)|||LP(ﬁdz)> .
p>1 p

This proves Proposition 3.

5.2 The case 4 < 4k < N: Proof of Proposition 4
In this case, the previous straightforward approach fails, even assuming that
¢ € L™ as we would only get

2k
N
1 _ |1 N N 2k
S [ | 2ty ax < S ol

ij=1

which blows up when N goes to infinity. The key here, as is in the proof of
Theorem 3, is to identify the right cancellations in the expansion

N
_ 1
/HdeN exp | = Z o(xi,2) | dXN

ij=1

o) N
1 1 _ N
< 32 (2 )lN2k Z /HdeN (b(xil’le)...¢('/I:7:2k7$]'2k) dX.

11,01 02k, J2k=1
(56)
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5.2.1 Notations and preliminary considerations

We denote by Ia, = (i1, ,i2x) the i—indices and similarly by Jor, = (j1, -, j2k)
the j—indices, where all i,,7, are in {1,2,--- | N} for 1 <v < 2k.
We denote by (a1, a9, - ,an) the multiplicities of Iy,

a=|{1<v<2%kli,=1}, 1=1,2---,N,

and by (by,---,by) the multiplicities of Ja.
For the study of cancellations, the critical parameter will be the number
of multiplicities which are exactly 1 in I3, so that we denote

mr = [{llar =1}, nr=[{lla >1}. (57)

Note that mj; + ny is exactly the number of integers present in Iog: my+ny =
{0 > 1},

We start by the following lemma which, for every Isx, identifies the only
possible Joi s.t. the integral does not vanish.

First we simplify the possible expression of Iy, which makes the counting
easier by using the natural symmetry by permutation of the problem. For any
T € Sy, we simply define 7(Ia) = (7(41),...,7(i2x)). Thus 7 is a one-to-one
application on the Is; and moreover

/HdN ﬁNd)(minle)"'¢($i2k7xj2k)dXN

= /HdN ﬁNd)(m‘r(h)v x'r(jl)) ce (ZS(-'IJT(Z'%), .’ET(]-%» dXN

Therefore to identify cancellations, we only need to consider one I5; in each
of the equivalence classes {7(I2x), V7 € Sn}, leading to

Definition 3 A multi-index Is; belongs to the reduced form set Ry ok iff
0<a; <as...<apand ap4y =---=ay =0.

Note that for any I3 there exists only one I~2k € Rn,2r that belongs to the
same class, even though there can be several 7 s.t. 7(l2;) = Iz (as any re-
peated index leaves Iy invariant under the corresponding transposition).

5.2.2 Identifying the “right” indices Joy

Remark that by the definition of m; and ny in (57), if Iox, € R 2k is under
its reduced form, one has

a=1 forl=1,---,my,
ap>1 forl=m;+1,---,mr+ny,

a;=0 forl>mj;+mnj.

Based on this simple structure, we can prove that
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Lemma 9 For any m, n, define as T, the set of indices Jay, with multiplic-
ities (by,...,bn) satisfying

— b >1foranyl=1...m;
— by #1 foranyl>m+n.

Then for any Isr € Ry ok and any Jog € Tm;on,, one has that

/HdN PN ¢(xi1vxj1) o '¢(mi2k7xj2k) dx™ =0.

This lemma identifies, for each I, € R 2k, a relevant subset of indices Jpn; n;;
in the sense that any multi-index Jaj, out of this set leads to a vanishing integral
and hence can be removed from our summation. Lemma 9 is not an equivalence
though: There can still be indices Jor, € T, n, giving a vanishing integral.
But the formulation above allows for simpler combinatorics and in particular
Jmy.n; only depends in a basic manner on Ip; through the two integers m;
and ny.

Proof (Proof of Lemma 9) Choose any Ia, € Ry 2k, up to a permutation, we
may freely assume that I has the following form

IQk:: 1327"' am17m1+17"'am1+17"' 7ml+n17"' ,mr +ng

Amp+1 Amy+ng

Choose any Jog & Jm,.n,;- That means that there exists I < my s.t. by =0 or
that there exists [ > my + ny s.t. b = 1. Each case corresponds to a different
cancellation in the integral.

The case by = 0 for some I < my. By the definition of the reduced form, a; = 1
and therefore the index [ appears only once in I and never in Jyj thus being
present exactly once in the product inside the integral. Assume that i, = [ for
some v SO

/HdN PN (b(-rinle) e '¢($i2k7$j2k) dx®

:/ PN (/ ﬁ(Iiy)QS(Iiwxj,,)dmiV) I 2y, 5,,) da ), .
g md

aov—n pei,)

Now it is enough to remark that for any ¢ and j # i, as is the case here since
all j,o #1,
[ e taay) doi =0,
7l

which is exactly the first assumption in (51).

The case by = 1 for some l > my + ny. By definition, this means that a; = 0.
The index [ appears only once in Jog and never in Iog. Again it is present
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exactly once in the product inside the integral. Assume that j, = [ for some
v SO

/UdN PN ¢($i1axj1) o 'qf)(Ii%,ZEj%) dx®

p )
=/ N (/ p(mju)¢(xi,/7xju)dxju> Iy, 9(xi,, xj,,) drj,, .
II I7d

av-n p(zj,)

The results then follows from the fact that for i # j
/ p(xj) d(wi, z;) daj =0,
I7d
which is the second equality in (51).

5.2.8 The cardinality of Tm.n

Our next step is to show that |7y, | is much less than the total number of
multi-indices Jyj, namely N2*,

Lemma 10 One has that for some universal constant C
|«7m n| < Ck Nk—m/2 kk+m/2,
where C' can be chosen as 512 e or roughly 1400.

Proof (Proof of Lemma 10) A multi-index Jor, belongs to J,, , iff b > 1 for
l<mand b =0,2,3,.. for | > m + n. Let us distinguish further between
those [ > m + n where b; = 0 and those for which b; > 2.

Choose first p = 0,1,..., LQk;mJ and choose then p indices I1,...,1, be-
tween m+n+1 and N which exactly correspond to b; > 2. There are (N men)
such possibilities.

Once these [y, .. .,l, have been chosen, the set of possible multiplicities for

Jor, € T, is given by

Bm,n,p,ll,...,lp = {(bh e 7bN) ‘ b17 e 7bm Z 17 blla cee 7blp Z 27
by=0ifl>m+nandl#1,...,l,, and by +bo +--- + by = 2k}.
After the multiplicities are known it is straightforward to obtain the number

of Jop in Jpm,n, using Lemma 7. Decomposing all the possible Jo; according
to those possibilities, one hence finds

L2k57nj

2k)!
|Tm,nl = Z Z Z %

by!
P=0 leoolp=mtnt 1, N (b1, bn) Bty ooty N

Note that since b;,,...,b, > 2 and b1,...,b, > 1 one has that m + 2p <
by + -+ -+ by = 2k, leading to the upper bound p < k — m/2.
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Furthermore using the invariance by permutation, one may immediately
reduce this expression by assuming that [y = m+n+1, 1o = m+n+ 2...
Denoting the partial sums s, = by + -+ by, and s, = bygng1 + -+ bgntp,
one has

k—m/2 Ne—m—mn 2k—2p
Tl = 3 ( ) 3 3

p=0 p Sm=m by by >1, bitertbn=sm
2k—5m

2 2.

Sn=2D bminti,bmintp>2, bmint1++bmintp=sn

2k)!
) et

!
b1y bmgn>0, byp1++bmgn=2k—sm—sn m+n+p

Using the standard multinomial summation (43), one can easily calculate the
last sum to obtain

k—m/2 N m n
p=0 P
2k—2p 2k—sm

n2k—sm—sn

2 2 DI

Sm=m by ..by,>1, b1+ 4+bm=5m Sn=2p ’

2k)!
Z byl - ( )I.. 1

bn!b 1!l---b !
bmtnt1sbmantp>2, bgnt1++bmintp=sn m: TmAnt mAn+p

Now bound the sum on b; ...b,, by the sum starting at b1,...,b,, = 0 and
similarly for the sum on by, 4ni1 ... bmynyp to obtain

k—m/2

N—-—m-—-n
Twal < 3 ( )
p=0 p
2/§p 2k—sm (2]{})' an—sm—sn msm psn,

2k — S — Sp)! Sl Sp!
Sm=m 8§, =2p ( m n) men

We recall the obvious bound (Z) < 2% 50 that

(2Kk)! (2k — ) (2Kk)!

(2k — sm — $n)!sm!lsn! (2k — sm — sn)! sn! (2k — 50)! 8!
_ <2k) <2k‘ - sm> < o,
Sm, Sn
Furthermore by lemma 5 as m +n < N/2, (N_ZL_") < eP NPp~P, Thus

k—m/2 2k—2p 2k—s,,

|jm’n| g 24k Z ep Np Z Z n2k—5m—5npSn—P msm'

p=0 Sm=m S,=2p
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Note that 2k — s,, — s, > 0and s, —p > 0 and m, n, p < 2k so
n2kfsmfsn psnfp msm S (Qk_)Zkfp.
Therefore finally

k—m/2
|L7m,n| S 26k ek (2k)2 Z NP k2k)—p
p=0

< 26k ek (2/€)2 ka:—m/2 kk+7n/2 < (296)k' Nk—m/Z kk+m/27

since N > k, the maximum of NP k2*~P is attained for the maximal value of
.

5.2.4 Conclusion of the proof of the Proposition 4

Observe that for a particular choice of Io; and Jog
/ PN Qs(ziumﬁ) e '¢(mi2k7xj2k) dx®
TN
< / pn 1125 sup |@(w,, )| dXN (58)
Hd N z

< / P (sup [$(a, 2))% . (sup [g(aw, 2)))™ AXN
HdN z V4

As one readily sees this bound only depends on the multiplicity in Io.
We use the cancellations obtained in Lemma 9 to deduce from (58),

2k

1
ST > | Tmamal {2k | P26 (L2k) = (a1, ..., an)}]

a1+--+an=2k,
a120,---,an>0.

/H v oG, )" (s by, ) A,

where we denote m, = M (q,... ay) = {1 a1 = 1}], N0 = n(ay,...an) = ] a1 >
1}| and we recall that @y ok (l2x) is the multiplicity function associating to
each Iy the vector (aq,...,an) of multiplicities.

Remark that

/HdN pn (sup|p(z1,2) ) ... (sup [p(zn, 2))* dX T

2k
< e (sup | sup. |¢(.7z)|”m(pdz)) ai!---an!,
p>1 b

since a® < e%ql.
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On the other hand by Lemma 7

HIok | Pnok(lor) = (@1,...,an)} <

which implies that
2k

1 1 N
(2]<;)!/HdNﬁN N Zéf’(xu%) dx¥v

ij=1

2k su W2 - 2k
2 (e =
p>1

— N2k D B
a1+--+an=2k,
120, ,an20.

We apply Lemma 10

2k
N
1 1 e2*
— PN | — Ty X dxV < ——
(Zk)' /deNpN Nl§:21¢( iy J) - N2k
I sup. [$( )l e (paa) ) * b Ak —ma/2 phbma2
- | sup Z C* Nk—ma/2 phtma/2,
p=1 p a1+--+an=2k,
a120,:-,an20.
Consider any (a1, ...,ay) with exactly p coefficients a; > 1. Up to (JZ) per-
mutations, we can actually assume that ai,---,a, > 1. All the other a; are

0. Since we have mq + n, = p and m, + 2n, < 2k then m, > 2(p — k). As
N > k then
Nk—ma/Q kk+ma/2 < ]\/'k—(p—k)Jr kk+(p—k)+.

Hence

Z Nkfma/Q k,kera/Q

ai1+---an=2k

2k
= Z (N> Z NFE—(P=F)+ pkt+(p—Fk)+
p=1 p

ay,..., ap>1, a1+---+ap,=2k
2k AN (2K — 1
< Z( ) ( - )Nk(pk>+ o)+
S \p/\p-1

by Lemma 6. Bound (2::11) < 22¢ and for p < k since (];7 ) is maximum for
p=Fk

—=\p/\p-1 - k N
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by Stirling’s formula. Still by Stirling’s formula for p > k,
(N> NFE=p=k)s pht(p=k)s < op NP =P N2k=P P — oP N2k
» <

Hence again

2k
>y (N) <2’f - 1) NE==R) gtk < po2ke2b 2k o Ligoage yon
= 2

p=k+1 p p—1
Finally,
N 2k
g v | X dlenay| axY
(2](5)! UdeN Nz‘j:l Tir
2k
< (8e*C)” <sup | sup- |¢("Z)|”L‘“(pdz))
B p>1 p
2k
< 8002k (sup || Sup, |¢('az)||lﬂ’(ﬁdz)>
- p>1 p ’

concluding the proof of Proposition 4.
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